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The explosion of the Big Data revolution has brought to the attention of
researchers and practitioners unprecedentedly volumes and varieties of data
related to individual economic agents.

As a consequence, a spatial microeconometric approach (unconceivable only
until few decades ago) is now more and more feasible due to the increasing
availability of very large geo-referenced databases in all fields of economic
analysis.

The traditional approach which considers the aggregate behaviour of the
economy as though it were the behaviour of a single representative agent so
deeply criticized in the literature (e. g. Kirman, 1993; Durlauf, 1989, Quah,
1994) can thus be eventually overcome.

Motivation
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However, the use of individual granular data typically raise issues of
spatial uncertainty in the presence of:
üMissing data
üLocational errors
üSampling without a formal sample design
üMeasurement errors
üMisallignement

Motivation
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This issue is relevant especially when data containing spatial uncertainty are then used in 
official economic statistics

Data quality is defined by the ESS in a multidimensional way around 5 aspects:
1. Relevance
2. Accuracy and Reliability
3. Timeliness and punctuality
4. Accessibility and clarity
5. Comparability and Coherence 
(See ESS QAF, European Statistical System, 2015) 

With this paper we aim at contributing measuring the quality of individual granular
datasets that are intentionally geo-masked to preserve confidentiality around the concept
of Accuracy and Reliability.
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Locational uncertainty can be due to 2 reasons (Arbia et al., 2015):

• Unintentional locational errors, and
• Intentional locational error

Motivation
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Unintentional locational errors emerge due to:
• Inaccuracy due to the data collection (e. g. approximate address)
• Lack of sufficient information (e. g. when individuals are located at

the centroid of a small area, coarsening)

Motivation

15.06.21 Giuseppe Arbia Università Cattolica del Sacro Cuore, Roma 6



●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

● ●

geo−referenced coarsened

Motivation
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Intentional locational error may arise due to a-posteriory geo-masking of the exact
GPS coordinates e. g. to preserve confidentiality

In many discrete choice microeconometric studies it is common to find regression
models where a distance is considered as one of the regressors.
For instance:
• in healthcare studies the distance from an hospital is one of the factors explaining

the hospital patient’s choice.
• in educational studies the distance from a school is one of the main determinant

of the choice, especially at low educational levels .

If the masking mechanism is known, we can make some progress to measure
uncertainty

Motivation
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Uncertainty about location produces a bias in the calculation of distances
and as a consequence a measurement error which will affect the reliability
of the parameters’ estimates.

In Arbia et al. (2015) we quantify the effects of locational errors in the case
of linear regression models when a distance is used as a regressor in the
case of intentional locational error induced through geo-masking.

In Arbia et al. (2018) we extended the results to the case of non-linear
discrete choice models when a distance is used as a regressor.

Motivation
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1. Results for linear regression models
2. Results for discrete choice regression models
3. Conclusions

Layout of the presentation
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Let us consider a uniform geo-masking mechanism (employed, e. g., in
official statistics by DHS, 2013), which transforms the coordinates displacing
them along a random angle (say q) and a random distance (say d) both
obeying a uniform probability law. The mechanism can be formally
expressed through the following hypotheses:
• HP1: q i.i.d. ~U (0,q*) and d i.i.d. ~ U (0°,360°) with q* the maximum 

distance error, 
and
• HP2:  and d are independent

1. Results for linear regression models

15.06.21 Giuseppe Arbia Università Cattolica del Sacro Cuore, Roma 11



Uncertainty about location translates into biased estimation of distances.

Here we show the effects on linear models estimation

1. Results for linear regression models
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1. Results for linear regression models
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Considering the regression:

with . In Arbia et al, (2015) we extended the classical error
measurement theory (e. g., Verbeek, 2004) showing formally that in the
presence of uncertain location, the GLS estimator of the parameter b will be
inconsistent with a downward asymptotic bias towards zero (attenuation
effect) quantified by

being the variance of the distances

ijijij vdy ++= 2ba

1=b

1. Results for linear regression models
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In Arbia et al (2015) we proved that:

2.4 efficiency of ML estimators
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Distances are overestimated!



TRUE 
PARAMETER 
VALUE

1. Results for linear regression models

ATTENUATION 
EFFECT 
TOWARDS ZERO
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We also proved that the GLS estimator of the parameter b experience a loss 
in efficiency which increases with 

1. Results for linear regression models

2*q
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2. Results for discrete choice regression models

Berta et al. (2016) assumed that the discrete
choice of the single patient i of chosing a
certain hospital h (say, yih) is related to the
expected utility of i choosing h, (say y*ih), with
yih = 1 if y*ih > 0, and 0 otherwise.

The utility model was specified as follows:

Considering that the travel distance is strictly 
correlated with the hospital choice, the 
coefficients related to the distance is expected 
to be negative. 
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The study used administrative data from 2014 on all patients who were admitted to
the cardiac surgery wards in any public or private hospital in the Lombardy region
(Italy) that was financed by regional public funds.

Data on each patient were extracted from the hospital discharge charts. Information
on the geographical location for both patients and hospitals are obtained as the
centroids of the municipalities they belong to.

This introduces spatial uncertainty.

The model was estimated on a dataset related to 8,627 patients admitted in the 20 
cardiac surgery located in Lombardy for a total number of 172,540 observations.

The distance was always found to be negative and significant.

2. Results for discrete choice regression models
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2.1 A first simulation exercise: Real data

In Berta et al. (2016) the patient location was not perfectly known, and it was
approximated by the centroid of the municipality of the patient.  Distances were
calculated from each
patient’s location
to the nearest
hospital.
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2.1 A first simulation exercise: Real data 

We repeat the analysis by randomly relocating 1,000 times each of the 8,627 individuals using the uniform
geomasking with a maximum radius q* given by the radius of the circle of surface equivalent to the area of the
municipality.

This radius represents

the (approximate)

maximum location

error committed when

an individual is
allocated to the

Centroid.

Points relocated ouside

the study area are

discarded and randomly

relocated.
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2.1 A first simulation exercise: Real data 

MC distribution of the models' coefficients 𝛽 after geo-
masking compared with the 𝛽 based on the “true” locations
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Locational error significantly affects the parameter’s estimates. In the our
simulations, on the average, the distortion downgrades the parameter of about
50% of its true value
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For a more general results, we consider again the same dataset containing
172,540 observations (8,627 patients admitted in the 20 cardiac surgery)
and, for each patient, we calculate the Euclidean distance (𝑑!,#) between
the coordinates (lat_i,long_i) and the hospital’s coordinated (lat_h,long_h).

For simplicity, we considered the case of only one hospital in the area.

2.2 A second simulation exercise: random geo-masking of the real data

𝑑/,1 = (𝑙𝑎𝑡_𝑖 − 𝑙𝑎𝑡_ℎ)2+(𝑙ong_𝑖 − 𝑙ong_ℎ)2
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In order to explore how the distortion in the estimation depends on the radius of
geo-masking, we then calculated the equivalent observed radius of the region
Lombardy (after coordinates standardization) and we considered 10 values for the
radius of distortions (q*), with values ranging from 0 and the maximum radius.
For each level of the 10 parameters q * we then repeat 100 times a uniform geo-
masking on the observations.
In this way, for each individual (and for each of the 10 maximum radius), we obtain
100 new distances.

The distances after geo-masking (say �̅�!,#) are calculated as follow:

�̅�/,1 = ((𝛿 ∗ Cos 𝛾 + 𝑙𝑎𝑡_𝑖) − 𝑙𝑎𝑡_ℎ)2+((𝛿 ∗ 𝑆𝑖𝑛 𝛾 + 𝑙ong_𝑖) − 𝑙ong_ℎ)2

2.2 A second simulation exercise: random geo-masking of the real data

15.06.21 Giuseppe Arbia Università Cattolica del Sacro Cuore, Roma 24



For each distorted distances (�̅�!,#) we estimate the patient hospital choices by using
a discrete choice model, assuming that patients maximize their utility functions
given their characteristics and hospital travel distance.
Suppose that the observable choice of patient i of being admitted to the hospital h
(yih) is related to the expected utility of i choosing h (y*ih), according to yih= 1 if y*ih >
0, our choice model is:

In our simulation we set b = -2.3 as in the Berta et (2016) paper.

We still expect the coefficient of the distance to be negative, but we also expect that
the geo-masking moves the coefficients towards 0 (similarly to the continuous linear
model case) and that this distortion depends on the maximum radius q* used.

y∗ih = 𝛼𝑗 + 𝛽 ∗ �̅�/,3

that can be estimated by adopting a conditional choice model.

2.2 A second simulation exercise: random geo-masking of the real data
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Results

As expected, for increasing values of q* the coefficients related to the distance
decrease monotonically to 0. A sharp decrease is observed already for low
levels of q*. E.g. when q* = 1.5 (corresponding to 28 % of the maximum
distortion distance) the estimated b is 1.2 which is 50 % of the true value.
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2.2 A second simulation exercise: random geo-masking of the real data
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For even more general results, in the last exercise we simulated the behaviour 
of n = 10,000 individuals uniformly distributed in a squared unitary study area 
centred on zero:
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2.3 A third simulation exercise: Monte Carlo experiment

15.06.21 Giuseppe Arbia Università Cattolica del Sacro Cuore, Roma 27



For each individual located in (i,j), we calculate the Euclidean distance
from the centre (0,0) of the squared area

𝑑!,# = (𝑖 − 0)$+(𝑗 − 0)$

We then simulate a conditional binomial choice of the hypothetic hospital
located at the origin (0,0), obtaining a simulated logit model, as follows:

𝑙𝑜𝑔𝑖𝑡(𝜋!# 𝑑!#, 𝜽 = 1 + 2 ∗ 𝑑!#

where 𝑙𝑜𝑔𝑖𝑡(𝜋!$ 𝑑!$ the logit of the probability associated to a random conditional
binomial distribution given 𝜽 the regression parameter vector (𝛼 =1, 𝛽=2)

2.3 A third simulation exercise: Monte Carlo experiment
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Starting from this set of data we fix again 10 maximum radius of distortions (q*)
ranging between 0 and the maximum radius of the squared area which, in this case,
is:

For each of the 10 maximum q* we replicate 1,000 times for each individual a
uniform geo-masking mechanism.
In this way, for each individual and for each of the 10 levels of the maximum radius,
we obtain 1,000 new distances.

The new distorted distances from the origin (�̅�!,$) are calculated as follow:

�̅�!,# = (𝑖 − 𝛿 ∗ Cos(𝛾))$+(𝑗 − 𝛿 ∗ 𝑆𝑖𝑛(𝛾))$

2.3 A third simulation exercise: Monte Carlo experiment

2
2 = 0.707
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For each replication, we then re-estimate the model using the distorted distances
instead of the true one:

𝑙𝑜𝑔𝑖𝑡(𝜋!# �̅�!,#, 𝜽 = 𝛼 + 𝛽 ∗ �̅�!,#

We expect again to observe an attenuation effect downwarding 2𝛽 from the original
value towards 0 as the maximum radius of distortion increases.

The mean of the estimates of 2𝛽 for each r* can be plotted over the increasing values
of r*, representing the downwarding of 2𝛽 from the original value to 0 .

2.3 A third simulation exercise: Monte Carlo experiment
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As expected, for increasing values of q* the b coefficient decreases towards 0
thus erroneously suggesting a non significant relationship of the hospital
choice on the hospital distance. Again the decrease is very sharp. When only a
small amount of distortion is imposed (e.g. q*= 0.07 = 10 % of the maximum
distortion) the value of b is almost unaffected, but as soon as it increases
further we observe a sharp decline.
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2.3 A third simulation exercise: Monte Carlo experiment
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Let us consider the log-likelihood associated to a spatial logit model (Arbia, 2014):

where L is the cumulative distribution function of a standardized logistic
distribution with zero expected value and variance 𝜋2/3 (Greene, 2013).
The error-affected log-likelihood is instead:

2.4 Efficiency of ML estimators
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For the score functions we then have:
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with Λi = Λ(Xi, 𝛽), and the second derivate is equal to:
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and similarly for . So the elements of Fisher’s information matrix (and thus
the variance of the estimators) depend essentially on the distance d.
However, if there is uncertainty about the individuals’ location, distance is
inflated by geo-masking the precision of the estimators will be affected.

l

2.4 efficiency of ML estimators
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Using the last expression, we can obtain the elements of the Fisher
Information Matrix related to the simulated true data as well as those related
to the data after geo-masking.
In this way we can calculate the loss in the efficiency of the ML estimator as
the ratio as the variance of 2𝛽 over the variance of variance of 2�̅�.

Arbia et al (2015) proved that:
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2.4 efficiency of ML estimators

3
)(

2*
22 q
+= ijij ddE

15.06.21 Giuseppe Arbia Università Cattolica del Sacro Cuore, Roma 34



So that

Because the true distances dij are deterministic, so that the efficiency is a
decreasing function of

2.4 efficiency of ML estimators
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In this paper we examined the effects of spatial uncertainty in regression models.
In particular we consider the spatial uncertainty introduced in data by random geo-
masking and the effects using distances as predictors in a regression model.

Simulation studies and formal analysis show that
• the higher is the level of uncertainty induced by geo-masking, the higher is the

downward bias on the coefficient associated to the distance in both linear and
non-linear models.
• the higher is the level of the distortion produced by the geo-masking, the higher

is the efficiency loss

Our results show that the expected attenuation effect and efficiency loss increase
dramatically already at small levels of distortion q*.

4. Conclusions
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These result could be used by the data producers to help choosing the
optimal value of q* to be used in geo-masking so as to preserve
confidentiality without introducing too much spatial uncertainty.

They could also be used by data producer to disclose to the practitioners
what is the level of spatial uncertainty associated to the datset and thus
measure the reliability of their analyses.

4. Conclusions
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Thank you for your kind attention !
Comments welcome !

Giuseppe.arbia@unicatt.it
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